Abstract. In this note, we describe some desingularizations of some subvarieties of the cartesian powers of a semisimple Lie algebra of finite dimension.
Introduction
The basic field k is an algebraic closed field of characteristic zero. Let g be a semisimple Lie algebra of finite dimension and let G be its adjoint group. Let b be a Borel subalgebra of g, h a Cartan subalgebra of g contained in b and let N G (h) be the normalizer of h in G. Let denote by p a parabolic subalgebra of g containing b, l its reductive factor containing h, p u its nilpotent radical and P its normalizer in G. Let set: P (k) := (x 1 , . . . , x k ) ∈ g k | ∃g ∈ G such that (g (x 1 ) , . . . , g (x k )) ∈ p k , P
u := (x 1 , . . . , x k ) ∈ g k | ∃g ∈ G such that (g (x 1 ) , . . . , g (x k )) ∈ p k u . For X a G-variety, we denote by G × P X the quotient of G × X under the right action of P given by (g, x) .p := gp, p −1 .x . The main result of this note is the following theorem:
k is a desingularization of P (k) . Moreover, P
is not normal.
(ii) For k 2, the canonical morphism G × P p
is projective and factorizes through a desingularization of an affine variety X (k) and the morphism X (k) → P (k) u is finite and pure in the sense of [2] .
For p = b, this theorem is given in [3] , a joint work with J-Y. Charbonnel. Moreover, in this case, P (k) u is normal and has a rational singularities. In fact, this note is the first step to a generalization of some results of [3] .
Let S (g) and S (h) be the symmetric algebras of g and h respectively and let S (h) W be the subalgebra of W -invariant elements of S (h), where W is the Weyl group of g with respect to h. In section 3, we use a variety χ 0 introduced in [3] , which is the closed subvariety of g × h such that its algebra of regular functions k [χ 0 ] equals S (g) ⊗ S(h) W S (h), and we introduce the varieties χ := χ 0 //W l , where W l is the Weyl group of the Levi factor l of p with respect to h. We prove that G × P p k is a desingularization of a subvariety χ (k) of χ k . In section 4, we introduce the variety X := SpecA and X (k) a subvariety of X k , where A is the integral closure of the algebra of regular functions k [G (p u )] of G (p u ) in the field of rational functions k (G × P p u ) of G × P p u and we prove that G × P p k u is a desingularization of X (k) .
Notations
We consider the diagonal action of G on g k . Let R be the root system of h in g and let R + be the positive root system of R defined by b. The Weyl group of R is denoted by W and the basis of R + is denoted by Π. Let Ω be the Richardson orbit of p and let p ′ u := Ω ∩ p u . Set:
Let W l be the Weyl group of R l and let P − be the normalizer of p − in G. Denote by L the identity component of the normalizer of l in G and denote by P u and P −,u the unipotent radicals of P and P − respectively. We use the following notations:
• All topological terms refer to the Zariski topology.
For Y an open subset of the algebraic variety X, Y is called a big open subset if the codimension of X \Y in X is at least 2. The algebra of regular functions on X is denoted by k[X]. When X is irreducible the field of rational functions on X is denoted by k (X).
• if G × A −→ A is an action of G on the algebra A, denote by A G the subalgebra of the G-invariant elements of A, • for i = 1, . . . , rkg, the 2-order polarizations of p i of bidegree
i , are the unique elements in (S(g) ⊗ C S(g)) G satisfying the following relation
for all a, b ∈ C and for all (x, y) ∈ g × g, • < ., . > is the Killing form of g, • for i ∈ {1, . . . , rkg}, ε i is the element of S(g) ⊗ C g defined by
• for i ∈ {1, . . . , rkg} and for m ∈ {0, . . . , d i − 1}, the 2-polarizations of ε i of bidegree
are the unique elements in S(g) ⊗ C S(g) ⊗ C g satisfying the following relation
for all a, b ∈ C and (x, y) ∈ g × g, • for (x, y) ∈ g × g, V x,y is the space generated by the set
• g reg is the set of regular elements of g, • for a a subalgebra of g, a reg := a ∩ g reg , • for x in g, G
x is the centralizer of x in G, • for a a subalgebra of g and for x in a, a
x is the centralizer of x in a,
is the space of g generated by x 1 , . . . , x k , • ̟ is the canonical morphism from p to l, • for x in p,x is the image of x by ̟,
is the algebra of regular functions on X and k(X) is the field of rational functions on X when X is irreducible. The following Lemmas are well known:
Lemma 2. Let P and Q be parabolic subgroups of G such that P is contained in Q. Let X be a Q-variety and let Y be a closed subset of X, invariant under P . Then Q.Y is a closed subset of X. Moreover, the canonical map from Q × P Y to Q.Y is a projective morphism.
Proof. Since P and Q are parabolic subgroups of G and since P is contained in Q, Q/P is a projective variety. Let denote by Q × P X and Q × P Y the quotients of Q × X and Q × Y under the right action of P given by (g, x).p := (gp, p −1 .x). Let g →ḡ be the quotient map from Q to Q/P . Since X is a Q-variety, the map
defines through the quotient an isomorphism from Q × P X to Q/P × X. Since Y is a P -invariant closed subset of X, Q × P Y is a closed subset of Q × P X and its image by the above isomorphism equals Q/P × Q.Y . Hence Q.Y is a closed subset of X since Q/P is a projective variety. From the commutative diagram
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3. On the variety P Lemma 3. Let a be an algebraic subalgebra of g.
(i) Let suppose that a contains g x for all x in a nonempty open subset of a and let suppose that a reg is not empty. Then V x,y is contained in a for all (x, y) in a × a.
(ii) Let suppose that a contains a Cartan subalgebra of g. Then V x,y is contained in a for all (x, y) in a × a.
Proof. (i) By hypothesis, for all x in a nonempty open subset of a, x is a regular element and g x is contained in a. So by [7] Theorem 9, ε 1 (x) , . . . , ε l (x) belong to a for all x in a nonempty open subset of a and hence for all x in a by continuity. As a result, for all (x, y) in a × a, ε (m) i (x, y) , i ∈ {1, . . . , l} , m ∈ {0, . . . , d i − 1} is contained in a, whence the assertion.
(ii) Let c be a Cartan subalgebra of g contained in a. Since a is an algebraic subalgebra of g, all semisimple element of a is conjugate under the adjoint group of a to an element of c. Hence for all regular semisimple element of g, belonging to a, g
x is contained in a. As a result, the assertion is a consequence of (i) since the subset of regular semisimple elements of g, belonging to a, is a nonempty open subset of a.
Proof. Since h is contained in p, for all (x, y) in p × p, V x,y is contained in p by Lemma 3, (ii) . Since (h, e) belongs to Ω g , Ω g ∩ b × b is a nonempty open subset, whence the corollary.
Lemma 5. Set:
x is a Cartan subalgebra contained in p. Since ̟ is a morphism of Lie algebra, ̟ (g x ) is contained in l ̟(x) . Furthermore, dim ̟ (g x ) = rkg if and only if g x ∩ p u = {0}, whence the assertion since l has rank rkg.
(ii) For x regular semisimple in p, g x is a Cartan subalgebra contained in p. As a result, g x ∩ p u = {0}. So by (i), R p and R 
Then L l is a free module of rank rkg according to [5] . Denote by ϕ 1 , . . . , ϕ l a basis of L l and denote by R p,l the subset of elements x of p such that ̟ (x) is in l reg . According to [10] , l reg is a big open subset of l. So R p,l is a big open subset of p. For x in R p,l and for
The functions a i,1 , . . . , a i,l so defined on R p,l have regular extensions to p since p is normal and since R p,l is a big open subset of p. As a result, for all (x, y) in
is a linear combination of the elements
is contained in ̟ (V x,y ) for all z in a nonempty open subset of P x,y . As a result, according to [1] , V l ̟(x),̟(y) is contained in ̟ (V x,y ), whence the assertion by (iii).
Let β 1 , . . . , β l be in Π, let s i be the reflexion associated to β i for all i ∈ {1, . . . , l} and let I be the set of i ∈ {1, . . . , l} such that β i ∈ R ′ + . Lemma 7. Let w be in W and let s 1 . . . s p be a reduced decomposition of w.
(
We proceed by induction on the lenght of w denoted by l (w). For l (w) = 1, w = s j for some j ∈ {1, . . . , l}. If j ∈ I, then s j (β j ) = −β j but w R ′ + ⊆ R + . Hence j / ∈ I and w ∈ W l . Suppose the property true for l (w) p − 1. If p ∈ I,
Lemma 18.8.3, there exists q ∈ {1, . . . , p − 1} such that
Hence w ∈ W l since s p ∈ W l , whence the assertion.
Proposition 8. Let p and p ′ be two parabolic subalgebras of g such that p u is contained in p ′ . If p and p ′ are conjugate under G, then p=p ′ .
Proof. We suppose that p ′ = g(p), for some g in G. By Bruhat decomposition there exist u, b ∈ B and w ∈ W such that g = ug w b, where g w is a representative of w in
Hence, by Lemma 7 (ii), w −1 ∈ W l , whence g w ∈ L and g ∈ P.
3.2. A desingularization of P (k) . We consider the action of
Proof. According to Lemma 2, µ k is a projective morphism and
By Corollary 4, V x1,x2 is contained in p and g (p) and by Corollary 6, V x1,x2 contains p u and g (p u ). Hence p u is contained in g (p). Then, by Proposition 8, g (p) = p. Hence, for all (x 1 , . . . ,
Let x be in h reg and let g be in G. Then
According to Lemma 7, (ii) ,
k (x, 0, . . . , 0) |> 1. Since µ k is proper and birational, if P (k) would be normal, then by Zariski's main Theorem [8] , a finite fiber of µ k would have cardinality 1. So P (k) is not normal.
and let χ be equal to χ 0 //W l . For x ∈ p, let x ∈ l such that x − x ∈ p u and letx be the image of x in l//L.
is an isomorphism onto an open subset of χ. 
Since χ is the categorical quotient of the variety χ 0 by the finite subset W l and since χ 0 is normal, by [3] Lemma 3.1, χ is a normal variety. Then, by Zariski's Main Theorem [8] , θ is an isomorphism from P −,u × p reg onto an open subset of χ.
Corollary 11. There exists a birational morphism ϑ from G × P p to χ such that µ 1 is the compound of ϑ and the canonical projection from χ to g.
Proof. Let ϑ
′ be the morphism from G × p to χ defined by ϑ ′ (g, x) = (g (x) ,x) and let ϑ be the morphism from G × P p to χ defined by ϑ ′ through the quotient. Let (x,x) be in χ such that x in p reg and let (g 1 , x 1 ) be in G × p such that ϑ ′ (g 1 , x 1 ) = (x,x) . Then (g 1 (x 1 ) , x 1 ) = (x,x) and (x 1 , x 1 ) ∈ G. (x,x) . Hence, by Lemma 10 (i), there exists p ∈ P such that x 1 = p (x). So g 1 p (x) = x and g 1 p ∈ G x . By Lemma 10 (ii), g 1 ∈ P since x ∈ p reg . Hence the restriction of ϑ to G × P p reg is injective, whence ϑ is birational since it is surjective.
Let
wherex i is the image of x i in l//L. Denote by σ k the morphism from G × P p k to χ k defined through the quotient by σ ′ k . Let χ (k) be the image of G × P p k by σ k and let pr 1,k be the canonical projection from χ k onto P (k) .
Proposition 12. (i) The varity G×
(ii)For x = (x 1 , . . . , x k , y 1 , . . . , y k ) ∈ χ (k) such that x i ∈ g reg for some i , the fiber of σ k at x has one element.
Proof. (i) Since µ k = pr 1,k •σ k and since µ k is a projective and birational morphism, σ k is projective and birational. Then σ k is a desingularization of χ (k) since G × P p k is a smooth variety.
(ii) Let x be in χ (k) such that the first component of pr 1,k (x) is in g reg . Let
Hence, by Lemma 10 (i), x ′ 1 ∈ P (x 1 ). Then there exists p ∈ P, such that
then by Lemma 10 (ii),
, whence the assertion since σ k is S k -equivariant.
Corollary 13. The variety χ (k) is an irreducible component of the inverse image of P
Proof. Let π be the canonical projection from χ k to g k . Since χ 0 → g is finite, χ → g and π are finite morphism. So π −1 P (k) , χ (k) and P (k) have the same dimension, whence the corollary since χ (k) is irreducible as an image of an irreducible variety.
where (x 1 , . . . , x k , x 1 , . . . , x k ) ∈ χ (k) . So
3.5. We recall that θ is the map
−→ (g (x) ,x) .
Proposition 15. Let
By Lemma 10 (iii), the image of θ is an open set of
. Then x 1 is in p reg and for some g ′ in P −,u and for some x
By Lemma 10 (i), there exists p ∈ P such that x
x1 ⊂ P by Lemma 10 (ii). Hence g ∈ P −,u P. As a result, the map
is an isomorphism whose inverse is
with q and z are the first and the second components of θ −1 (x 1 , y 1 ). As a result, W by (i).
On the variety P (k) u
Recall that µ k is the morphism from G × P p k to g defined by the map
from G × p k to g k through the quotient. Let τ k be the restriction of µ k to G × P p k u and let
Lemma 16. The morphism τ 1 is a projective morphism. Moreover, k (G × P p u ) is an algebraic extension of finite degree of k (G (p u )).
Proof. According to Lemma 2, τ 1 is a projective morphism. Since
Let X = SpecA and let α be the morphism from X to G (p u ) such that its comorphism is the canonical injection from
Proposition 17. There exists a unique morphism τ X from G × P p u to X such that
Proof. The variety G × P p u is a smooth variety since it is a vector bundle over the smooth variety G/P. Identify k (G (p u )) with a subfield of k (G × P p u ) by the comorphism of τ 1 . Let U be an affine open subset of
. Since U is a smooth variety, it is normal and k [U ] is integrally closed in k (G × P p u ). Hence k [U ] contains A. Then there exists a morphism τ X,U from U to X such that its comorphism is the canonical injection of
′ an affine open subset of G × P p u , the restrictions of τ X,U and τ X,U ′ on U ∩ U ′ are equal since they have the same comorphism. Hence there exists a morphism τ X from G × P p u to X which extends τ X,U for all affine open subset U and satisfies the equality τ 1 = α • τ X . The morphism τ X is unique since its comorphism is the canonical injection from A to k (G × P p u ). Since k (G × P p u ) is the fraction field of A, τ X is birational. Moreover, since τ 1 is a projective morphism, τ X is too, whence the proposition.
Denote by κ the quotient map from G × p u to G × P p u and denote by ι the morphism from {1} × p u to X defined by ι (1, x) = τ X • κ (1, x) . Let X ′ be the image of {1} × p ′ u by ι and let δ be the morphism from
Proof. and k (G/P ∩ G x ) is an algebraic extension k G/G ι(1,x) of degree the index of
is an algebraic extension of finite degree of a transcendental extension of k. Since τ X is a birational morphism and since G.ι (1, x) is an open subset of X, k G/G ι(1,x) and k (G × P p u ) are isomorphic.
Hence δ is an injective morphism. Since X is a normal variety by definition, by Zariski's Main Theorem [8] , δ is an isomorphism onto an open subset of X.
(iii) Let g ∈ G and let x ∈ X ′ such that g (x) ∈ X ′ . Then there exist
Let τ X k be the morphism from
Proposition 19. Let
(ii) There exists a canonical finite surjective morphism ϕ from
. Hence, by Proposition 18 (i), g ∈ P −,u P. As a result
is an isomorphism whose inverse is given by
Since α is a finite morphism, ϕ is too and since τ k is surjective, ϕ is too.
where (1, x 1 , . . . , x k ) and (g, y 1 , . . . , y k ) are the images of (1, x 1 , . . . , x k ) and (g, y 1 , . . . , y k ) in G × P p k u by the quotient map. Then there exists p ∈ P such that y 1 = p (x 1 ). So
So, by Proposition 18 (iii), g ∈ P and (1,
Proof. Since G × P p k u is a vector bundle on the smooth variety G/P, it is a smooth variety. According to Lemma 2, τ k is a projective morphism then τ X (k) is too since
The subalgebra C is invariant under the action of Γ and k [G (p u ) n ] is the set of fixed points by Γ in C, where G (p u ) n is the normalization of G (p u ).
is a Galois extension of Galois groupe Γ.
(ii) Since k [G (p u )] is invariant under the action of Γ, C is too. Moreover, k [G (p u ) n ] is contained in k (G (p u )) = k (G/G x ) the set of fixed points of Γ in C. Let a be in C such that a is a fixed point by Γ. Then a is in k (G/G x ). Hence a is in k [G (p u ) n ] since it is in C, whence the assertion. (ii) The field k P . So it is a subfield of k (G/ (G x ) 0 ) (τ 1 , . . . , τ m ) since k (G/ (G x ) 0 ) is an extension of k (G × P p u ).
(ii) Let π be the first projection from P Then ψ is a submersion at z. So, for all y in an open subset O ′ of O, containing z, the intersection of the kernels of the differential at y of the restrictions of τ 1 , . . . , τ m to F π(y) the fiber of π at π (y) equals {0} so that ψ is locally injective on F π(y) . Let whence the assertion since k (G (p u )) = k (G/ (G x ) 0 ) Γ .
